We investigate the realization of the emergent universe scenario in theories with natural UV cutoffs, namely a minimum length and a maximum momentum, quantified by a new deformation parameter in the generalized uncertainty principle. We extract the Einstein static universe solutions and we examine their stability through a phase-space analysis. As we show, the role of the new deformation parameter is crucial in a twofold way: Firstly, it leads to the appearance of new Einstein static universe critical points, that are absent in standard cosmology. Secondly, it provides a way for a graceful exit from the Einstein static universe into the expanding thermal history, that is needed for a complete and successful realization of the emergent universe scenario.
I. INTRODUCTION
According to the concordance model of cosmology our universe has most probably begun from an initial singularity at a finite past. The introduction of the inflation paradigm as a successful way to solve the horizon, flatness and magnetic monopole problems [1] , did not affect the initial singularity issue, which is still considered as a potential, conceptual disadvantage [2] . Finally, in order to describe the observed late-time universe acceleration a cosmological constant was added, leading eventually to the ΛCDM cosmology, namely the Standard Model of the universe. Nevertheless, in spite of the remarkable successes of this paradigm, its physical content relating to the two accelerating phases at early and late times is still not satisfactory, and furthermore, the initial singularity problem remains open.
There are two ways one could follow in order to bypass the initial singularity problem. The first is to consider the scenario of bouncing cosmology, in which the current universe expansion followed a previous contracting phase, with the scale factor being always non-zero [3, 4] . The second is to consider the scenario of "emergent universe" [5] , in which the universe originates from a static state, namely from the "Einstein static universe", and then it enters the inflationary phase, without passing from any singularity. However, both these alternative cosmological scenarios cannot be obtained in the framework of general relativity. Concerning the Einstein static universe, which is a necessary ingredient of the emergent universe scenario, it can be shown that it is significantly affected by the initial conditions such as perturbations, which dominate at the Ultra-Violet (UV) limit, and hence it is indeed unstable against classical perturbations which eventually lead it to collapse to a singularity [6] .
In order to alleviate the above problems one may follow the way to introduce new degree(s) of freedom, beyond the standard model of particle physics or/and general relativity. A first direction is to consider exotic forms of matter that could provide a successful description of the universe behavior in the framework of general relativity (see [7, 8] and references therein). The second direction is to construct a gravitational modification whose extra degrees of freedom could describe the universe at large scales, while still possessing general relativity as a particular limit [9, 10] . Concerning the initial singularity issue, modified gravity, amongst others, can trigger the cosmological bounce [11] , or it can cure the emergent universe scenario by making Einstein static universe stable. In particular, the Einstein static universe and thus the emergent universe scenario, can be successfully realized in various gravitational modifications, such as in Einstein-Cartan theory [12] , in f (R) gravity [13] , in f (T ) gravity [14] , in loop quantum cosmology [15] , in massive gravity [16] , in Hořava-Lifshitz gravity [17] , in braneworld models [18, 19] , in null-energy-condition violated theories [20] etc, although the successful exit from the Einstein static universe towards the subsequent expanding thermal history is not always achieved.
One interesting gravitational modification in the UV regime arises through the use of the "generalized uncertainty principle" [21] , which seen as a quantum gravity approach might be related with other quantum gravity models such as Double Special Relativity [22] and string theory [23] . Although one can have more than one generalizations of the uncertainty principle, the most interesting one is when one modifies the standard Heisenberg algebra by a linear and a quadratic term in Planck length and momentum respectively, which leads to the existence of two natural UV cutoffs, namely minimum length and maximum momentum [24] . Hence, when applied to a cosmological framework, these natural cutoffs give rise to extra terms in the Friedmann equations, which can have interesting implications.
In the present work we are interested in investigating the Einstein static universe and the emergent universe scenario in the framework of theories with natural UV cutoffs. In particular, we show how the induced extra terms in the cosmological equations lead to the realization and stability of the Einstein static universe, as well as offering the mechanism to a phase transition to the inflationary era and the subsequent thermal history of the universe.
The plan of the manuscript is the following: In section II, we briefly review generalized uncertainty principle with two UV cutoffs, and we apply it in a cosmological framework. In section III we extract the Einstein static universe solutions. In section IV we examine the stability of the Einstein static universe by performing a dynamical system analysis, studying its exit towards the inflationary era. Finally, in section V we provide the conclusions.
II. THEORIES WITH NATURAL UV CUTOFFS AND THEIR COSMOLOGY
In this section we briefly present theories with natural UV cutoffs, and then we apply them in a cosmological framework. As we mentioned in the Introduction, in general this kind of theories arise from the consideration of generalizations of the uncertainty principle [21] . Although one may have more than one such generalizations, in the present work we focus on the generalization with two natural UV cutoffs, namely a minimum length and a maximum momentum [24] . In order to achieve this, one starts by modifying the standard Heisenberg algebra at high energy scales, by a linear and a quadratic term in Planck length and momentum respectively, as
with i, j = 1, 2, 3, where via the Jacobi identity [25] it is guaranteed that [
The parameter α quantifies the quantum gravity deformation parameter, and can alternatively be written as α =α cM pl = ℓ pl α, with M pl and ℓ pl the Planck mass and Planck length respectively, c the speed of light, and the induced Planck constant. The dimensionless parameterα according to experiments is bound to be smaller than 10 11 , however theoretical arguments suggest that its value should be around 1, in order for minimal length effects to be important only around the Planck length and not introduce a new physical scale between the Planck and the electroweak scale [25] [26] [27] .
Let us now apply the above generalized uncertainty principle in a cosmological framework. Since the quantum gravity deformation parameter α is expected to have effects only at high energy scales, we will focus on the early-time phases of the cosmological evolution, which indeed will correspond to the realization of the emergent universe. We start by considering the homogeneous and isotropic Friedmann-Robertson-Walker (FRW) geometry, with metric
where a(t) is the scale factor and N the lapse function, and with k = 0, +1, −1 corresponding to flat, close and open spatial geometry respectively. One can extract the field equations in the above metric, i.e. the Friedmann equations, via the Hamiltonian constraint H E = 0, namely [28] :
with κ ≡ 1/3M 2 pl = 8πG/3 the gravitational constant, and where λ and P are the Lagrange multiplier and the momentum conjugate to the lapse function N , respectively. In the above expression ρ is the energy density of the universe content, corresponding to a perfect fluid with equation-of-state parameter w.
In general, for two typical variables A and B, the Poisson brackets are defined as {A, B} = ∂A ∂xi ∂B ∂pj − ∂A ∂pi ∂B ∂xj {x i , p j }, where the canonical variables x i and p j in the cosmological context are replaced by a and p a , respectively. Although using the standard uncertainty principle they satisfy the usual relation {a, p a } = 1, considering the deformed Poisson algebra that arises from the generalized uncertainty principle (1), up to first order in α, the Poisson bracket between a and p a becomes [24] {a,
Hence, using the Poisson algebra we obtain the following modified equations of motioṅ
Inserting H E from (3) in the above equations, using its constraint value H E = 0, and combining them, we finally extract the first Friedmann equation, namely
. (7) 1 In principle, the modified Friedmann equations should be derived from a full quantum gravitational action corresponding to the fundamental theory. However, since such a quantum-gravity modified action is still unknown, it is common in literature to
Additionally, taking the time-derivative of this equation, and using also the usual energy conservation relatioṅ
we arrive at the second Friedmann equation, namelÿ
. (9) As we observe, the two Friedmann equations (7) and (9) include terms with the quantum gravity deformation parameter α, i.e they have been modified by the generalized uncertainty principle. As expected, in the limit α → 0 they give rise to the standard Friedmann equations. It is necessary to note that similar UV modified Friedman equations have been discussed earlier in the context of cosmology induced from other quantum gravity approaches such as loop quantum gravity (LQG) 2 and Snyder noncommutative geometry, see Refs. [32, 33] and [34] . Finally, as we have mentioned, we note that the above modified Friedmann equations have been extracted keeping terms up to first order in α. If we additionally keep terms up to second order in α in the deformed Poisson bracket (4), the corresponding modified Friedmann equations will include terms such as
Although mathematically these extra terms will have an effect on the existence and stability of the critical points that will be analyzed in the following, in the energy scales that are of interest in the present work, namely those that correspond to pre-inflation epoch where ρ ≫ |k|c 2 κ , the effects of α 2 -dependent terms are very tiny and negligible in comparison with α-dependent terms. Moreover, we notice that the commutator relation (1), even in the absence of α 2 term matches with other models of generalized uncertainty principle and well-known approaches to quantum gravity, string theory and doubly spacial relativity, see for instance [24] . Hence, in summary, the first-order-in-α approximation is very efficient, and can capture the main effects of natural UV cutoffs.
consider quantum-gravitational effects phenomenologically, i.e. by deforming the standard commutation relations as has been mentioned above. Nevertheless, we mention that there is an inverse method to generate a canonical Hamiltonian structure, and subsequently an action, from arbitrary modifications of the dynamical equations, as it was formulated in detail in [29] . 2 In Refs. [30, 31] it has been shown that the generalized uncertainty principle can be deduced in the context of LQG due to polymer quantization of the background spacetime geometry. Hence, one could consider that the corrections appearing in the dynamical equations, might arise from LQG with some higher spin representation.
III. EINSTEIN STATIC UNIVERSE
In this section we show that in the cosmological application of the generalized uncertainty principle the Einstein static universe can be realized. Let us extract the Einstein static universe solutions. Inserting the conditions of the Einstein static universe, i.e. a constant scale factor a = a s , withä| a=as =ȧ| a=as = 0, at an energy density ρ = ρ s , in the two Friedmann equations (7) and (9), and focusing for mathematical convenience (although this is not necessary) on the regime ρ ≫ |k|c 2 κ (which is a very robust approximation since in SI units it becomes ρ ≫ |k| × 10 27 kg m −3 , while we know that the energy density corresponding to (pre)-inflation scale is ∼ 10 93 kg m −3 ) we find
The solution of this system of algebraic equations will give the critical points of the cosmological scenario at hand, namely the pair of values for {a s , ρ s } that correspond to Einstein static universe solutions. For convenience we study the flat and non-flat cases separately.
A. Flat universe (k = 0)
In the case of a flat geometry, and for a general w = −1, the system (10), (11) accepts only the trivial solution a s → ∞, ρ s → 0, independently of the values of α. However, in the special case where w = −1, i.e where the universe is filled with a cosmological constant, we obtain an Einstein static universe solution for every ρ s , with the corresponding scale factor being
Note that the role of a non-zero quantum gravity deformation parameter α is crucial in making the above solution non-trivial, since in the limit α → 0 it becomes the aforementioned trivial solution.
B. Non-flat universe (k = 0)
Let us now investigate the non-flat universe. In this case, the system (10),(11) accepts four solutions, i.e four Critical Points (CP), namely
CP 3 : 1 a 2
with
The Critical Point 1 is the trivial one with a s → ∞. The Critical Point 2 is physical for k = +1, w > 2 or k = −1, − 1 3 < w < 2, with the second case being the realistic one. The Critical Point 3 is physical for k = +1, − 1 3 < w < 2 or k = −1, w > 2, with the first case being the realistic one. Finally, Critical Point 4 is physical for −10 − 2 √ 22 < w < −10 + 2 √ 22, which includes the cosmological constant value w = −1. We stress once again the crucial role of the deformation parameter α that arises from the generalized uncertainty principle, in the existence of the three non-trivial critical points, since in the limit α → 0 all points coincide with the first, trivial one.
For each one of the above solutions for a s , the corresponding ρ s is given by
where
Relation (18) (18).
IV. DYNAMICAL STABILITY
In the previous section we showed that Einstein static universe can be a solution of the cosmological equations in the framework of the generalized uncertainty principle. In the present section we desire to analyze the dynamical stability of these solutions, i.e to see whether the universe can remain in such a phase for very large time intervals.
In order to perform the dynamical analysis one usually expresses the cosmological equations as a dynamical system, and performing linear perturbations around the previously obtained solutions he proceeds to a detailed phase-space analysis, by examining the eigenvalues of the involved perturbation matrix, which reveals whether these solutions are stable or unstable [35] . In the following we will follow the alternative but equivalent (in cases of 2D equation systems) approach of [14, 19, 36, 37] . In particular, we perturb linearly the Friedmann equations (7) and (9) in the regime ρ ≫ |k|c 2 κ , around the obtained Einstein static universe solutions (12) and (13)- (16) . The perturbations in the scale factor and matter density read as:
Inserting into the first Friedmann equation (7), using
(1 + δa(t)) n ≃ 1 + nδa(t),
and neglecting terms with two differentials, we obtain
s (3δρ + 4δa) = 0. (23) Similarly, using (21) to perturb the second Friedmann equation (9), and neglecting terms with two differentials, we obtain
In the following two subsections we examine the flat and non-flat cases separately.
A. Flat universe (k = 0)
In the case of a flat universe, (23) leads to
Thus, inserting (25) into (24) and neglecting terms higher than O(α 2 ), we acquire
However, as we found in subsection III A, the non-trivial Einstein static solution (12) exists only for w = −1, which leads to the limiting value γ f = 0. Hence, we deduce that the scenario at is stable. In order to provide an additional verification of the above result, we apply the procedure of [38] [39] [40] . We introduce two variables, namely x 1 = a and x 2 =ȧ, and hence the linear perturbations of the Friedmann equation (9) , around the critical point (12) and with w = −1, leads toẋ
. (29) Hence, the eigenvalues square λ 2 of the Jacobian matrix
, (30) calculated at the critical point (12) , is just
As we observe, the above eigenvalues square is negative for all physical cases (ρ s > 0), independently of the value of α. Thus, the Einstein static universe in the flat geometry is always stable, as we also found through (27) . Nevertheless, as we mentioned above, we note that the presence of a non-zero α still has the crucial effect to make this critical point non-trivial. In order to see the above effect more transparently, in the upper graph of Fig. 1 we present the phase-space behavior for the spatially flat cosmology with equationof-state parameter w = −1, where the stable Einstein static universe critical point is clear (the physical critical point is the one with x 1 > 0). Moreover, in order to verify the stability of the Einstein static universe solution in an alternative way, in the lower graph of Fig. 1 we depict the evolution of the scale factor after a small perturbation around this solution. As can be seen, the universe exhibits small oscillations around the Einstein static universe, without deviating from it, as expected.
In summary, as we can see from the simple case of flat geometry, the effect of the quantum gravity deformation parameter that arise from the generalized uncertainty principle is twofold: Firstly, it leads to a non-trivial Einstein static universe solution that is absent in standard cosmological models, and secondly it leads to its stabi-lization. Note that although in some emergent universe scenarios quantum effects are responsible for destabilization [41] , the present incorporation of quantum effects through natural UV cutoffs is the cause of stabilization. This is one of the main results of the present work, and will become more transparent in the more interesting solutions in the case of non-flat geometry.
In the case of a non-flat universe, (23) leads to
As expected, in the limit α → 0 we re-obtain the standard result, namely
s κρs . Replacing (32) into (24) and neglecting terms higher than O(α 2 ), we acquire
and
and where a s and ρ s have to be replaced from (13)- (16) for the four Einstein static universes respectively. Equation (33) is the perturbation equation of FRW cosmology in the case of generalized uncertainty principle. As expected, in the limit α → 0 it reduces to the standard result, namely
Let us now examine whether we can obtain γ nf > 0. The form of γ nf given in (34) , calculated at the nontrivial critical points (14)- (16), is too complicated to accept any analytical treatment, and thus we will examine
The coefficient of the perturbation equation γ nf versus the quantum gravity deformation parameter α and the equation-of-state parameter w, for the case of Critical Point 2 of (14), in the case of open geometry, in units where c = ℓ pl = 1, κ = 1/3.
FIG. 3:
The coefficient of the perturbation equation γ nf versus the quantum gravity deformation parameter α and the equation-of-state parameter w, for the case of Critical Point 3 of (15), in the case of closed geometry, in units where
the value of γ nf numerically. In Fig. 2 we present γ nf versus α and w, for the case of Critical Point 2 of (14), in the case of open geometry (since for the open geometry this point exists for the more physically interesting w-interval, namely − 1 3 < w < 2). As we can see, for the regions of its existence, we obtain γ nf > 0 if α acquires positive values. Hence, the scenario at hand can be stable. Similarly, in Fig. 3 we present γ nf versus α and w, for the Critical Point 3 of (15), in the case of closed geometry (where − 1 3 < w < 2). As we observe, this point can be stable for suitable choices of α and w. Finally, in Fig. 4 we present γ nf versus α and w, for the Critical Point 4 of (16), for a part of the range of its existence, namely for −10 − 2 √ 22 < w < −10 + 2 √ 22, in the case of closed and open geometry. Similarly to the previous critical points, we can see that for suitable val-ues of α and w this point, which is the most interesting one concerning the successful realization of the emergent universe scenario, is stable.
FIG. 4:
The coefficient of the perturbation equation γ nf versus the quantum gravity deformation parameter α and the equation-of-state parameter w, for the case of Critical Point 4 of (16) Let us verify the above results using the approach of [38] [39] [40] , and express them in a more transparent way. We introduce the two variables x 1 = a and x 2 =ȧ, and therefore the linear perturbations of the Friedmann equation (9) around the Critical Points (13)- (16) leads tȯ
. (38) The eigenvalues square of the Jacobian matrix (30) , for the above O 1 (x 1 , x 2 ),O 2 (x 1 , x 2 ), calculated at the nontrivial Critical Points 2, 3 and 4, read as follows. For the Critical Points 2 and 3 we have
with f (w) ± ≡ −1 ± 1 + 32 3 1+3w (2−w) 2 , where the plus sign corresponds to Critical Point 2 and the minus sign to Critical Point 3. As we can see, for the range where they are physical, namely for k = +1, w > 2 or k = −1, − 1 3 < w < 2 for Critical Point 2, and for k = +1, − 1 3 < w < 2 or k = −1, w > 2 for Critical Point 3, we always get λ 2 < 0, and thus both points are always stable.
Let us now examine the stability of the Critical Point 4 given in (16) . The corresponding eigenvalues square of the Jacobian matrix is found to be
Hence, we deduce that the sign of λ 2 depends on both α and w in a complicated way that does not allow for an analytical treatment, and thus in order to examine its behavior we will resort to numerical elaboration. In Fig. 5 we depict λ 2 versus w for various values of α, for the case of closed and open geometry (as we mentioned earlier we consider the realistic values ofα, and thus of α in the units we use, to be around 1 in order for minimal length effects to be important only around the Planck length and not introduce a new physical scale between the Planck and the electroweak scale [25] [26] [27] ).
The Critical Point 4 exhibits a very interesting behavior concerning the realization of the exit from the static universe and of the emergent universe scenario. In particular, for both spatial geometries we can have a stable Einstein static universe (Critical Point 2 for k = −1 or Critical Point 3 for k = +1) for very long time intervals (infinite in the past if w approaches 0 in the past). As time passes and the universe equation-of-state parameter decreases these critical points become unstable and are exchanged with their unstable counterpart Critical Point 4, offering a natural graceful exit from the Einstein static universe and an entering into the usual expanding thermal history (this procedure is more efficient for the closed geometry, since Critical Point 4 is always unstable for suitable values of α). This behavior is also achieved in complicated models of the emergent universe in some various modified gravities [38] , however in the present scenario it is obtained solely from the quantum gravity deformation parameter α.
Hence, from the above we can deduce the central role of the quantum gravity deformation parameter that arises from the generalized uncertainty principle: It leads to non-trivial Einstein static universe solutions that are absent in standard cosmological models, and it provides a mechanism for a successful exit from a stable Einstein static universe into the expanding thermal history, i.e. for a complete realization of the emergent universe scenario. This is one of the main results of the present work. 
V. DISCUSSIONS AND CONCLUSIONS
In the present work we investigated the realization of the emergent universe scenario in the framework of theories with natural UV cutoffs. In particular, we considered the generalized uncertainty principle, which includes a deformation parameter α that arises from quantum gravity modifications corresponding to two natural cutoffs, namely a minimum length and a maximum momentum. Applying it in a cosmological framework we obtained the modified Friedmann equations and we studied them in detail to see whether we can acquire Einstein static universe solutions, which are the basic concept in the realization of the emergent universe scenario.
As a first step we extracted the Einstein static universe solutions, analyzing for convenience the flat and non-flat cases separately. Then, performing a dynamical analysis in the phase space we examined the dynamical stability of these solutions. As we showed, the role of the new deformation parameter α is crucial in a twofold way. Firstly, it leads to the appearance of new Einstein static universe critical points, that are absent in standard cosmology, and this is true also in the flat case where standard cosmology does not accept an Einstein static universe. Secondly, the deformation parameter α plays a central role in providing a mechanism for a graceful exit from a stable Einstein static universe into the expanding thermal history, i.e. for a complete and successful realization of the emergent universe scenario. This double role of α, i.e. of the quantum gravity modifications arising from the natural UV cutoffs, is one of the main results of the present work.
In summary, we conclude that the emergent universe scenario can be successfully realized in the framework of cosmology with generalized uncertainty principle arising from the presence of natural UV cutoffs.
